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Abstract 

This is the second part in a series of papers concerned with principal Lyapunov exponents and 
principal Floquet subspaces of positive random dynamical systems in ordered Banach spaces. The 
current part focuses on applications of general theory, developed in the authors' paper Principal 
Lyapunov exponents and principal Floquet spaces of positive random dynamical systems. I. General 
theory, Trans. Amer. Math. Soc, in press, to positive random dynamical systems on finite-dimen- 
sional ordered Banach spaces. It is shown under some quite general assumptions that measurable 
linear skew-product semidynamical systems generated by measurable families of positive matrices 
and by strongly cooperative or type- if strongly monotone systems of linear ordinary differential 
equations admit measurable families of generalized principal Floquet subspaces, generalized princi- 
pal Lyapunov exponents, and generalized exponential separations. 
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1. Introduction 

This is the second part of a series of several papers. The series is devoted to the study of principal 
Lyapunov exponents and principal Floquet subspaces of positive random dynamical systems in 
ordered Banach spaces. 

Lyapunov exponents play an important role in the study of asymptotic dynamics of linear and 
nonlinear random evolution systems. Oseledets obtained in [l7l| important results on Lyapunov 
exponents and measurable invariant families of subspaces for finite-dimensional dynamical systems, 
which are called now the Oseledets multiplicative ergodic theorem. Since then a huge amount 
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of research has been carried out toward alternative proofs of the Oseledets multipUcative ergodic 
theorem (see 01, [sl, [ij, [13], 16 1, [11], [l^ and the references contained therein) and extensions of 



the Osedelets muhiphcative theorem for finite dimensional systems to certain infinite dimensional 
ones (see [3, [|, ^, [ifj, [H, [H, [H], [H, [H, and references therein). 

The largest finite Lyapunov exponents (or top Lyapunov exponents) and the associated invariant 
subspaces of both deterministic and random dynamical systems play special roles in the applications 
to nonlinear systems. Classically, the top finite Lyapunov exponent of a positive deterministic or 
random dynamical system in an ordered Banach space is called the principal Lyapunov exponent if 
the associated invariant family of subspaces corresponding to it consists of one-dimensional subspaces 
spanned by a positive vector (in such case, invariant subspaces are called the principal Floquet 



subspaces). For more on those subjects see jl5| . 

In the first part of the series, [l5|, we introduced the notions of generalized principal Floquet sub- 
spaces, generalized principal Lyapunov exponents, and generalized exponential separations, which 
extend the corresponding classical notions. The classical theory of principal Lyapunov exponents, 
principal Floquet subspaces, and exponential separations for strongly positive and compact deter- 
ministic systems is extended to quite general positive random dynamical systems in ordered Banach 
spaces. 

In the present, second part of the series, we consider applications of the general theory developed 



in 15| to positive random dynamical systems arising from a variety of random mappings and ordinary 
differential equations. To be more specific, let ((il, ^, F),Ot) be an ergodic metric dynamical system. 
We investigate positive random matrix models of the form ((f/w(?T.))(^gn,raez+ , (^n)nez) (including 
random Leslie matrix models) (see Section [3]) , where 
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and aij{uj) > for i ^ j, i,j = 1,2, . . . , N and e 51; and random type-i^T monotone systems of 
ordinary differential equations (see Subsection 14. 2|) 
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where for each w S 



/bii{uj) bi2{uj) ■■■ biN{Lo)\ 
621(0;) 622(0;) ••• 62Af(w) 



and there are 1 < k,l < N such that k + I ~ N , bij{uj) > for i ^ j and i,j G {l,2,...,fc} 
or i, j € {fc + 1, fc + 2, . . . , fc + Z}, and 5^ (w) < for i e {1, . . . , fc} and j € {fc + 1, . . . , fc + /} or 
i e {fc + 1, . . . , fc + and j € {1, • • • , fc}. 

We remark that, biologically, (jl.ip describes discrete-time age-structured population models, 
p.2p models a system of N species which is cooperative, and (ll.3|) models a community of TV 
species which can be divided into two subcommunities, one subcommunity consisting of k species 
and the other consisting of I species, such that the interactions between every pair of species in 
either subcommunity are cooperative, whereas the interactions between the species belonging to 
different subcommunities are competitive. The study of (11.11) . (|1.2p . and (jl.SI) will provide some 
basic tool for the study of random discrete-time age-structured nonlinear population models and 
random cooperative or type--ftr monotone systems of nonlinear ordinary differential equations. The 
reader is referred to [l,@|,[3l,[l3|,[Il,[2l,[2i|,[2i],and references for the study of discrete-time 



age-structured population models and time periodic cooperative and type- if monotone systems of 
nonlinear ordinary differential equations. 

Under quite general conditions, (|l.ip . (|1.2p . generate measurable linear skew-product semidy- 
namical systems on $7 x M^, preserving the natural ordering on (i.e., the order generated by 
the cone (R^)+ = { = (ui, . . . , mjv)^ : Ui > 0,i = l,...,iV}), and (|1.3p generates a measur- 
able linear skew- product semidynamical system on x M^, preserving the type-K ordering on 
generated by (R'=)+ x (R')^ = { u = (ui, . . . , wat)^ : > for i = 1, . . . , fc and < for 
i = k + l,...,k + l{= N)}. 

Observe that by the following variable change: 

Ui I— > Ui for i = I, . . . ,k and Ui —Ui for i = k + 1, . . . ^ k + l{— N), 

the random type- if monotone system (|1.3p becomes a random cooperative system of form (|1.2p (see 
Subsection 14.21 for detail). We will therefore focus on the study of (11.11) and (|1.2p . Applying the 
general theory developed in Part I ([l5j), we obtain the following results. 

(1) Under some general positivity assumptions, (jl.ip . (jl.2l) . have nontrivial entire positive orbits 
(see Theorems [3Ti;i),|4lIi;i) for detail); 

(2) Assume the general positivity and some focusing property. ()l.ip . (|1.2p have measurable in- 
variant families of one-dimensional subspaces {i?i(a;)} spanned by positive vectors (generalized 
principal Floquet subspaces) and whose associated Lyapunov exponent is the top Lyapunov ex- 
ponent of the system (generalized principal Lyapunov exponent) (see Theorems 13.1( 2). 14.1( 2) 
for detail); 

(3) Assume the general positivity and some strong focusing property. (|l.ip . (11.21) have also mea- 
surable invariant families of one-codimensional subspaces which are exponentially separated 
from the generalized principal Floquet subspaces (see Theorems 13.1( 3). 14.1( 3) for detail); 
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(4) Assume the general positivity with some strong positivity in one direction and some strong 
focusing property. Then the generahzed principal Lyapunov exponent for (|l.ip . (11.21) is finite, 
so those equations admit principal Floquet subspaces, principal Lyapunov exponents, and 
exponential separation in the classical sense (see Theorems I3.1f 4) , 14.1( 4) and for detail) . 

The results (l)-(3) are new. The result (4) recovers many existing results on principal Floquet 
subspaces and principal Lyapunov exponents for (|l.ip , (11.21) known in the literature (see Q > 1 [l3| j 
etc.) 

We remark that the generalized principal Lyapunov exponents in (2) may be — oo. In such a 
case, when generalized exponential separation holds, the (nontrivial) invariant measurable decom- 
position associated with the generalized exponential separation is essentially finer than the (trivial) 
decomposition in the Oseledets multiplicative ergodic theorem (see Subsection 14. 3p . 

The results obtained in this paper have important biological implications. For example, the 
result (3) implies that the population densities of all species in a random cooperative system of N 
species increase or decrease at the same rate which equals the generalized principal eigenvalue of the 
system along the same direction which is the direction of the generalized principal Floquet subspace 
(see Remarks 13.31 and 14. ip . 

The rest of this paper is organized as follows. First, for the reader's convenience, in Section[2]we 
put the notions, assumptions, definitions, and main results of Part I ([lB|) in the context of finite-di- 
mensional systems. We then consider random systems arising from random families of matrices and 
cooperative and type- if monotone systems of ordinary differential equations in Sections [3] and [H 
respectively. 

2. General Theory 

2.1. Notions, Assumptions, and Definitions 

In this subsection, we introduce the notions, assumptions, and definitions introduced in Part I. 
The reader is referred to Part I ([15]) for detail. 

First, we introduce some notions. 

For a metric space Y, S(y) stands for the cr-algebra of all Borel subsets of Y. A pair ($7,5^) is 
called a measurable space if is a set and 5^ is a cr-algebra of its subsets. 

By a probability space we understand a triple where (f2,S^) is a measurable space and 

P is a measure defined for all F € ^, with V{Q) = 1 we call (f2, ^, /z) a probability space. 

All Banach spaces considered in the paper are real. X will stand for a finite-dimensional Banach 
space X, with norm ||-||. 

By X* we will denote the dual oi X, and by (•, •) we denote the standard duality pairing (that is, 
for u E X and u* E X* the symbol {u, u*) denotes the value of the bounded linear functional u* at 
u). Without further mention, we understand that the norm in X* is given by = sup{ |(u,m*)| : 

II^II<1}- 

T stands for either Z or M. 

For a metric dynamical system ((57,^, P), {9t)teT), ft' C fl is invariant if 0t{^') = ^' for all t E T. 
((fi.S'.P), {9t)teT) is said to be ergodic if for any invariant F E^, either P(F) = 1 or V{F) = 0. 

From now on, {(fl,^,]P), {9t)teT) (we may simply write it as {9t)teT) denotes an ergodic metric 
dynamical system. 
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For T = R wc write T+ for [0, oo). For T = Z wc write T+ for {0, 1,2,3,... }. By a m,easurahle 
linear skew-product semidynamical system $ = {{Uu{t))ueQ,teT+ ^ {(^t)teT) on X covering a metric 
dynamical system {Ot)teT we understand a (Q5(T+) 3^ ® ^(-^)) ?B(X))-measurable mapping 

[T+ X X X 9 ^ U^{t)u e X\ 

satisfying the following: 

U^{fd) = ldx Vojen, (2.1) 

Ue^,^{t) o U^{s) ^UUt + s) e t, s e T+; (2.2) 

• for each cj e O and f G T+, [X Bui-^ U^{t)u e X]e C{X). 

To avoid using lower indices, we usually write $ = {Uco{t), 6t). 

When T"*" = [0, oo) we call a measurable linear skew-product semidynamical system a (measurable 
linear skew-product) semiflow. To emphasize the situation when T+ = {0,1,2,...}, we speak of 
(measurable linear skew-product) discrete-time semidynamical system. 

Let $ = ((C^a;(i))a;en,t6T+j {(^t)teT) be a measurable linear skew-product semidynamical system 
on X covering (^t)teT- For cj € ft, t € T+ and u* e X* we define U*{t)u* by 

{u, U*{t)u*) = {Ue_,^{t)u, u*) for each ugX (2.3) 

(in other words, U*{t) is the mapping dual to t/e_tw(0)- The mapping 

[T+ xnxX*B {t,w,u*) ^ U*{t)u* e X*] 

is (^B(T+) (El ® *B(X*), *B(X*))-mcasurablc. We call the measurable linear skew-product semidy- 
namical system <!)* = {U*{t),9^t) on X* covering 6'_t the dual of <i>. 
By a cone in X we understand a closed convex set X"*" such that 

(CI) a > and u E X^ imply au S X~^, and 

(C2) X+ r\{-X+) = {0}. 

A pair {X, X+), where X~^ is a cone in X, is referred to as an ordered Banach space. 

If {X, X^) is an ordered Banach space, for u, v E X wc write u < v ii v — u E , and u < v if 
u <v and u ^ v. The symbols > and > are used in an analogous way. 

Let X+ be a cone in X . X^ is called total if cl(X+ — X^) — X, reproducing if X^ — X^ = X, 
and solid if the interior of X^ is nonempty, X~^ is called normal if there exists C > such that 
for any u,v £ X satisfying < u < v there holds ||u|| < C||t;||. An ordered Banach space {X,X~^) 
is called strongly ordered if X+ is solid. 

The following lemma is well known. 

Lemma 2.1. Let X~^ be a cone in a finite- dimensional Banach space X with norm ||-||. 

(1) Ar+ is normal. 

(2) X+ is solid iff X^ is reproducing iff X^ is total. 
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(3) If X'^ is reproducing, then there exists K > 1 with the property that for each u G X there are 
u+,u- e X+ such that u ^ u+ - W , \\u+\\ < K\\u\\, \\u-\\ < K\\u\\. 

Observe that Lemma [^TT 3) holds for general Banach spaces (see 0, Theorem 2.2]). 

Let X+ be a solid cone in a finite-dimensional Banach space X. By Lemma X+ is 

normal. By appropriately renorming X we can assume that the norm ||-|| has the property that 
for any u,v ^ X, < u < v implies < \\v\\ (see [2l], V.3.1, p. 216]). Such a norm is called 
monotonic. From now on, when speaking of a strongly ordered Banach space we assume that the 
norm on X is monotonic. 

For an ordered Banach space {X, X^) denote by (X*)^ the set of all u* £ X* such that {u, u*) > 
for all u E X^ . If X+ is solid then {X*)~^ is a solid cone in X*. 

Assume that {X, X+) is an ordered Banach space. We say that u,v £ X^ \ {0} are comparable, 
written u ~ u, if there are positive numbers a, a such that av < u < av. The ~ relation is clearly 
an equivalence relation. For a nonzero u € X~^ we understand by the component of u, denoted by 
C„, the equivalence class of w, C„ = { w G X+ \ {0} : v ^ u}. 

Example 2.1. Let 

X = {u^ (ui, . . . ,MAr)^ :u^eR for aU 1 < i < A^}. 

By the standard cone in X we understand 

X+ = {u= (ui, . . . ,-UAr)^ G X : > ioi all 1 < i < N }. 

A+ is a solid cone, with interior 

X++ = {u= {ui,...,unV € X : u, > ioT all 1 < i < N }. 

Furthermore, {X,X^) is a lattice: any two u,v E X have a least upper bound uW v, (u V v)i = 
max{ui, Vi}, 1 < i < N , and a greatest lower bound u Av, (u A v)i = minjiti, Vi\, 1 < i < N . 

In the notation of Lemma I2.1f 3) we specify to be equal to u A 0, and u~ to be equal to 
(-u) VO. 

All ^^'-norms, 1 < p < oo, on X are monotonic. Moreover, for those norms the constant K in 
Lemma [2T1T 3) can be taken to be 1. 

When we identify the dual space X* with and the duality pairing {u,u*) with u^u*, the 
cone {X*)~^ is given by the same formula as A+. 

Now we introduce our assumptions. 
(BO) (Ordered finite-dimensional space) A+ is a reproducing cone in a finite- dimensional Banach 
space X (this is equivalent to saying that (X, X+) is a strongly ordered finite- dimensional Banach 
space), with dimX > 2. 

(Compare (AO)(i)-(iii) in [iBl)- We remark that (AO)(i) and (ii) in [l5| are automatically satisfied 
for a cone A+ in finite-dimensional Banach space. (AO)(iii) in [15| assumes that (A, A+) is a Banach 
lattice, which implies that X~^ is reproducing or equivalently solid and hence (BO) is weaker than 
(AO)(iii). In general, the main results in [l^ still hold if the assumption that (A, X"*") is a Banach 
lattice is replaced by the assumption that A+ is reproducing (see Remarks 1 2 . 2 1 and [ 2 . 3 p . 

(Bl) (Integrability/injectivity) $ = ((?7w(t))tjGf2,teT+ 7 (^t)teT) is 0, measurable linear skew-product 
semidynamical system on a finite- dimensional Banach space X covering an ergodic metric dynamical 
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system {9t)t£T on (r2,5^, P), with the complete measure P in the case o/ T = M, satisfying the 
following: 

(i) (Integrability) 

— In the discrete-time case: The function 

[n3oj^\i-i+\\u^{i)\\ e [o,oo)] € Li{{n,s,F)). 

— In the continuous-time case: The functions 

[n3uj^ sup ln+||C/^(s)|| e [0,oo)] e Li((r!,5,P)) 

0<s<l 

and 

[n^io^ sup \ii+\\Ue,M-s)\\e[o,oo)]eL,iin,d,r)). 

0<s<l 

(ii) (Injectivity) For each w e the linear operator U^{1) is injective. 

(Compare (Al)(i)-(iii) in \15^. Note that Uoj{l) is automatically completely continuous in the finite- 
dimensional case). 

(B2) (Positivity) (X, X+) is an ordered finite- dimensional Banach space and ^ — {{Ui^{t))i^^Q t^f + , 
{dt)t<£T) is a measurable linear skew-product semidynamical system on X covering an ergodic metric 
dynamical system {dt)tei' on (17,^5, P), satisfying the following: 

UUt)ui < U^{t)u2 

for any u £ Vt, t £ T"*" and mi, W2 G X with ui < U2- 



(Compare (A2) in jl5l |) 



It follows immediately that if (B2) is satisfied then there holds 

u:{t)ui < u:{t)ui 

for any a; G f2, i G and u\^U2 G X* with u*i < U2- 

(B3) (Focusing) (B2) is satisfied and there are e G X^ with ||e|| — 1 and an -measurable 
function k: fl ^ [l,oo) "with In"*" In >f G Li((ri, 5^, P)) such that for any w G and any nonzero 
u G X^ there is f3{uj,u) > with the property that 

P{uj, u)e < Ui^{l)u < k{ijj)(3{uj, u)e. 

(Compare (A3) in [13). 

(B3)* (Focusing) (B2) is satisfied and there are e* G (X*)+ with \\e*\\ = 1 and an {d,^{M.)) -mea- 
surable function >«•* : — [l,oo) with ln+ In >f* G Li((r2, 3^, P)) such that for any uj £ fl and any 
nonzero u* G (X*)+ there is /3*(w,m*) > with the property that 

P*{u,u*)e* < U*{l)u* < K*{uj)P*{u,u*)e*. 
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(B4) (Strong focusing) (B3), (B3)* are satisfied andlnne ^J, P)), hiK* e g-, P)), and 

(e,e*) > 0. 



(Compare (A4) in [15[). 



(B5) (Strong positivity in one direction) There are e G X+ with ||e|| = 1 and an (^J, Q3(R))-mea- 
surable function i': — > (0,oo), with In^ v G Li((i7, ^J, P)), such that 

(Compare (A5) in [H]). 

(B5)* (Strong positivity in one direction) There are e* G (X*)+ wif/i||e*|| = 1 and an {^,'i8{R)) -mea- 
surable function J/* : 57 — >■ (0, oo), mi/i In^ ly* G Li((ri, ^J, P)), smc/i t/iat 



U*{l)e* >iy*{iu)e* V cj G f7. 



(Compare (A5)* in [Ij). 



Remark 2.1. We can replace time 1 with some nonzero T belonging to T+ in (Bl), (B3), (B4), 
and (B3)*. 

We now state the definitions introduced in Part I. Throughout the rest of this subsection, we 
assume {X,X^) is a finite-dimensional ordered Banach space, and (B2). 

Definition 2.1 (Entire orbit). For uj ^ Q, by an entire orbit of U^j we understand a mapping 
Vuj'. T ^ X such that Vaj{s -\- 1) — Ue^i^(t)vi^{s) for any s G T and t G T+. The function constantly 
equal to zero is referred to as the trivial entire orbit. 

Definition 2.2 (Entire positive orbit). An entire orbit v^j ofU^j is called an entire positive orbit if 
Vuj{t) G X^ for all t G T. An entire positive orbit is nontrivial if v^{t) G X+ \ {0} for all i G T. 

Entire (positive) orbits of $* are defined in a similar way. 

A family {E{uj)}^^Qg of ^-dimensional vector subspaces of X is measurable if there are S(Ar))- 
measurable functions wi, . . . , w/ : — > X, P(ilo) = I7 such that {vi{uj), . . . , vi(oj)) forms a basis of 
E{uj) for each oj G flo. 

Let {E{uj)}i^^no be a family of Z-dimcnsional vector subspaces of X, and let {F{uj)}i^^Qg be 
a family of Z-codimensional vector subspaces of X, such that E{uj) F{uj) — X for all u! G ^Iq, 
P(r2o) = 1- We define the family of projections associated with the decomposition E{uj) (B F{uj) = X 
as {P(a;)}tjgsio 1 where P(w) is the linear projection of X onto F{Ld) along E{uj), for each oj G Hq. 

The following remark is in order regarding measurability of decomposition. In Part I ( 15]) of the 



series, as well as in, for example, when a decomposition E{lij)(BF{uj) = X of a (perhaps infinite- 
dimensional) Banach space X is considered, where E{lu) has finite dimension I, the assumption is 
that the family {E{uj)}i^^[2g is measurable and that the family of projections {P(w)}[^gn(, is strongly 
measurable: for each u ^ X the mapping [fig 9 w 1— > P{ui)u G X] is (^J, *B(X))-measurable. 
But in the finite-dimensional case this is equivalent to saying that both families {_E(ti;)}ijgnQ and 
{-F(aj)}[jgsio s-re measurable. We call such a decomposition a measurable decomposition. 
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We say that the decomposition E{uj) ® F{ui) = X is invariant if Qq is invariant, Uu{t)E{uj) = 
E{9tuj) and U^{t)F{uj) C F{9tuj), for each t S T+. 

A (strongly measurable) family of projections associated with the invariant measurable decom- 
position E{uj) ® F{u)) = X is referred to as tempered if 

limi«« = P-a.s.on^)o. 

t^iboo t 

Definition 2.3 (Generalized principal Floquet subspaces and principal Lyapunov exponent). A 

family of one- dimensional subspaces {E{uj)}^^q of X is called a family of generalized principal 
Floquet subspaces of ^ = {U^{t),9t) if (l C is invariant, V((l) — 1, and 

(i) E{u)) = span{w(ti;)} with w: f2 — ^ X+ \ {0} being '^{X)) -measurable, 

(ii) Uu;{t)E{uj) = E{9t^), for any a; e f2 and any t G T+, 

(iii) there is X G [—00,00) such that 

A = lim i In \\Ujt)w(uj)\\ Vw € 

t—>oo t 

teT+ 

and 

(iv) 

limsup - In \\Uu,{t)u\\ < A Vw e Q and Vu e X \ {0}. 

t->-oo t 

teT+ 

A is called the generalized principal Lyapunov exponent of $ associated to the generalized principal 
Floquet subspaces {E{u))}^^q. 

Observe that if {-B(w)}„gQ is a family of generalized principal Floquet subspaces of {Uaj{t),6t), 
then for any u G Q the function t;^^ : T — >■ X+ \ {0}, 



Vu;{t) 



U^{t)w{uj), t€T, t>0 



t \\Ue,^{-t)wietLo)\\ 
is a nontrivial entire positive orbit of U^- 

Definition 2.4 (Generalized exponential separation). $ = {Uu,{t), 9t) is said to admit a generalized 

exponential separation if there are a family of generalized principal Floquet subspaces {-E'(w)}^|_q 
and a measurable family of one-codimensional subspaces {F{u!)}^^q of X satisfying the following 

(i) F{lo) r\X+ = {0} for any uiGil, 

(ii) X = E{uj) © F{uj) for any u G f2, where the decomposition is invariant, and the family of 
projections associated with this decomposition is tempered. 
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(iii) there exists a € {0, oo] such that 

lim - in ,, ^ , , — , ' , = — (T voj G ii. 
t^oo t C/„(i)ii;(a;) 

t6T+ 

PFe say i/iat {£'(•), i^(-), ct} generates a generalized exponential separation. 

We end this subsection with the following theorem, which follows from the Oseledets-type theo- 
rems proved in [l9| . 

Theorem 2.1. Let X be a finite- dimensional Banach space, and let ^ be a measurable linear 
skew-product semidynamical system satisfying (Bl)(i). Then there exists an invariant JIq C fl, 
P(J7o) = 1, and Ai £ [—00,00) with the property that 

lim = Ai Vl. e no. (2.5) 

t— >oo t 

Moreover, either 
(i) 

lim = Ai Vcj e no and Vu e X, (2.6) 

t— >oo i 

or 

(ii) there exist A2 < Ai, and a measurable family of linear subspaces {i^i(w)}t^gsio of X such that 

• Uu,{t)Fi{Lo) C FiiOtUj), for all w G f^o and a?/ 1 G T+, 
• 

lim ^'^\\^'^(*)''\\ Vw e and Vu G X \ A(w), (2.7) 

t— >-oo i 
teT+ 

ln||C/„(t)U . J „ 

t— »-oo t 

teT+ 

Moreover, if (Bl)(ii) holds, then there is a measurable family of linear subspaces {Ei{uj)}i^^Qg 
of X such that 

• Uu:{t)Ei{uj) = Ei{dtuj), for all w G l^o and all t G T+, 

• X = Ei{uj) Fi{lj) for any uj G ilo; where the family of projections associated with this 
invariant decomposition is tempered, 

lim = Ai Vcj G no and Vu G EAw) \ {0}. (2.9) 

t— !-±00 t 

tST 
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2.2. General Theorems 

In this subsection, we state some general theorems, most of which are estabUshed in Part I ([l5|). 

Throughout this subsection, we assume that {X,X^) is an ordered finite-dimensional Banach 
space. The first theorem concerns the existence of entire positive solutions, which partially follows 
from [isl Theorem 3.5]. 

Theorem 2.2 (Entire positive orbits). Assume (Bl)(i) and (B2). 

(i) Let Uu,{t){X+ \ {0}) C X+ \ {0} for all uj G fl and all t e T+ . Then for each uj € il there 
exists an entire positive orbit v^: T ^ X+ \ {0} of U^. 

(ii) Let (Bl)(ii) be satisfied. Lf (ii) in Theorem \2.1\ holds then for each w G i7o an entire positive 
orbit can be chosen so that Vi^{t) G D Ei(0tuj) for all < G T. 

Proof (i) Denote Si{X+) ■.^{ueX+ : \\u\\ = 1 }. 

Fix w G f2. For {m,n) G such that < n < m define the mapping U{m;n): Si{X^) 
iSi(X+) by the formula 

U{m;n){u) — — -. 

\\Ue-„,u[m - n)u\\ 

By the assumptions, the mappings U{m\n) are well defined and continuous. It follows from (|2.2p 
that U{m2] n) — U{mi; n) o'U{ni2] toi), consequently IvailA (m2; n)) <Z Im(ZY(mi; n)), for any < ^ 
mi < m2. 

For n = 0, 1,2, . . . let 

OO 

G„ fl lm{U{m;n)). 

m—n 

G„, as the intersection of a nonincreasing family of compact nonempty sets, is compact and nonempty, 
too. 

Notice that u G Si{X^) belongs to G„ if and only if there is a sequence (u^™'')m=„ with u^"^ = u 
such that G Si{X+) and = U{m + 1; to)u(™+i) for each m = n, n + 1, n + 2, . . . . 

It suffices now to pick one u £ Gq and {w*-™''}m=o ^ Si{X^) with u'^^ = u and u'™^ = 
U{m + 1; m)u('"+i) for each m = 0, 1, 2, . . . . Then put 

'U^{n)u^°'> for n = 0,1,2,... 

v^{n) ;= { „(-n) 



\\Ue_,^{l)uW\\\\Ug_,^{l)u(^)\\ . . . ||[/e,..(iy-")|l 



for n = — 1, —2, , 



This concludes the proof of (i) in the discrete-time case. In the continuous-time case one puts 
Vuj{t) := Ug^^^uj{t — [t\)^uji\t\) for any w G and any i G M \ Z. 



(ii) follows from [l5|. Theorem 3.5]. □ 



The next theorem shows the existence of generalized Floquet subspaces and principal Lyapunov 
exponent, which partially follows from 15|, Theorem 3.6]. 

Theorem 2.3 (Generalized principal Floquet subspace and Lyapunov exponent). Assume (Bl)(i), 
(B2) and (B3). Then there exist an invariant set fli C fl, P(rii) — 1, and an (^,^{X)) -measurable 
function w: fli ^ X, w{ui) G Ce and \\w{uj)\\ = 1 for all uj G fii, having the following properties: 
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(1) 



Uu{t)w{uj) 

|c/.(iVMII 



for any w G fJi and t G T+. 



(2) Let for some cj G f^i a function v^:T ^ \ {0} he an entire orbit of U^. Then v^(t) 
\\v^{Q)\\w^{t) for all t G T, where 



Wuj(t) 



iUe,U-t)\E^^g^^^)-'w{u;) forteT,t< 







[U^{t)wiij) 

with Ei{lu) — span{z«(a;)}. 
(3) There exists Ai G [— oo,cx)) such that 



for t G T+, 



1 



Ai = lim -ln/9t(w)= / lnpi(a;) 

t-i.±oo t I 
*6T u 



for each w G fii, where 



\UUt)w{Lj)\\ 



for t > 0, 



l/\\Ue,U-tM9tU})\\ fort<0. 



(4) Assume, moreover, (BO). Then Ai — Xi, where Ai is as in Theorem \2.1\ In particular, for 
any u ^ X \ {0}, 

limsup - In ||C/(j(t)M|| < Ai, 

t->-oo t 
t6T+ 

and then {£'i('^)}^£f2i a family of generalized Floquet subspaces. 

Proof Partsfl), (2) and (3) just correspond to parts (1), (2) and (3) of fll, Theorem 3.6]. 
(4) By [15|, Proposition 5.5(2)], there exists ai > such that 



hm sup — In 

i— f C30 t 

tGT+ 



Ujt)u 



\\U^{t)u\\ 



w{9tLj) 



for any nonzero u G , P-a.e. on ft, which, combined with (3), gives that 

hmsup - In ||C/;^(t)M|| < Ai 

t-yoo t 
tGT+ 

for any nonzero u G X^ . Since X = X^ — X^ , the above inequahty is satisfied for any nonzero 
M G X. It suffices now to apply Theorem 12. II □ 
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Remark 2.2. Theorem I2.3f 4) is apparently a stronger version of [15|, Theorem 3.6(5)]: In jl5l . 
Theorem 3.6(5)] (X, X^) is assumed to be a Banach lattice, which implies that X+ is reproducing. 
We point out that [15|, Theorem 3.6(5)] in fact also holds if the assumption that {X, X+) is a Banach 
lattice is replaced by the assumption that X~^ is reproducing. 

If (Bl)(i), (B2) and (B3)* are satisfied, the counterpart of Theorem 12.31 for the dual $* states, 
among others, the existence of an invariant (ll C fl, P(ri*) — 1, and an (g^, *8(X*))-measurable 
function : SI* — > X*, w*(w) £ Ce- and |jw*(a;)|| = 1 for all lo e satisfying w*{9-tuj) = 
U*{t)w*{uj)/\\U*{t)w*{Lu)\\ for aU cj e f7* and all t e T+. For cj e f^*, define Fi{uj) := {u e X : 
{u,w*{uj)) = 0}. Then {^i(w)}^gj2* is a family of onc-codimcnsional subspaces of X, such that 

Uuj{t)Fi{uj) C Fi{9tuj) for any uj e Cll and any t e T+. 

The last theorem is about the existence of generalized exponential separation, which partially 
follows from [l5|. Theorem 3.8]. 

Theorem 2.4 (Generalized exponential separation). Assume (BO), (Bl)(i), (B2), and (B4). Then 
there is an invariant set ^Iq, P{flo) = 1, having the following properties. 

(1) The family {Pi^)}^^^!, of projections associated with the measurable invariant decomposition 
Ei(uj) Fi{ijj) = X is tempered. 

(2) Fi{uj) r\X+ = {0} for any uj e^Q. 

(3) For any w G fio o,nd any u ^ X \ Fi(uj) {in particular, for any nonzero u G X^) there holds 

lim \ \n\\U^{t)\\ = lim \ \n\\U^{t)u\\ = Ai. 

teT+ tGT+ 

(4) There exist a G (0, oo] and A2 G [—00, 00), A2 = Ai — cr , such that 

lim - In ■ — ~ 



t^^oo t \\U^{t)w{^)\\ 

and 

lim 7ln||C/^(t)|^^(„)|| = A2 

/or eac/i w G S^o • Hence $ admits a generalized exponential separation. 

(5) Assume that (ii) in Theorem \2. 1\ holds. Then A2 = A2 < Ai and Fi{lu) — Fi{uj) for P-a.e. 
a; G S7o- If moreover, (Bl)(ii) holds then £^i(a;) = i?i(w) /or P-a.e. lo £ ^Iq. 

(6) // (B5) or (B5)* holds, then Ai > -00. 

Proof. The proofs of parts (1) through (4) and of (6) go along the lines of proofs of the corresponding 
parts of 15, Theorem 3.8], the only difference being that in the present paper we do not assume that 
{X,X^) is a Banach lattice. However, by Lemma r2.1f 3'). there exists K > such that any u G X 
with )|tt|| = 1 can be written as u"*" — u~ , with G X+, < K, \\u^\\ < K (cf. the proof 

of [15|, Proposition 5.11], where this property is needed). 



Regarding the first part of (5), observe that nowhere in the proof in [15| of the fact that Fi{uj) 



Fi{uj) P-a.e. the injectivity ((Bl)(ii)) is needed. □ 
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Remark 2.3. Theorem 12.41 is apparently a stronger version of [l^ Theorem 3.8]: It is assumed in 
[iSi Theorem 3.8] that (X, X~^) is a Banach lattice, which implies that is reproducing. We point 
out that [l^ Theorem 3.8] also holds if the assumption that (X, X+) is a Banach lattice is replaced 
by the assumption that is reproducing. 



3. Positive Matrix Random Dynamical Systems 



In the present section we consider applications of the general results stated in Section [2] to 
discrete-time finite-dimensional random dynamical systems arising from positive random matrices. 

Throughout this section X stands for the A^-dimensional real vector space of column vectors, 
with > 2. 

We assume that the dual space X* consists of column vectors, too, and that the duality pairing 
between X and X* is given by the standard inner product (denoted also by the symbol (•,•))• 
Consequently, {u,u*) — u^u*, for any u £ X, u* X* , where ^ denotes the matrix transpose. 

X~^ is the standard nonnegative cone, X^ ~ {u = (ui, . . . ,un)'^ : Ui > for all 1 < z < A^}, 
and is its interior, X++ = {u = (wi, . . . , u^)^ : Ui > for all 1 < i < }. 

Denote by (ei, . . . , e^r) the standard basis of X. 

We will identify a discrete-time measurable linear skew-product semidynamical system $ = 
((C/^(n))^gQ_„gz+ , {dn)nez) on X covering a metric dynamical system (6'„)„ez with a (P, ©(R^'*^))- 
measurable family {S{ijj))^,^ii of N x N matrices 



S{uo) 



( sii(a;) si2(w) 

S2\(yj) S22(w) 

\sAri(w) SAr2(w) 



Sat AT (w)/ 



that is, C/tj(l) = S{iS). Also, we will write B instead of Q\. 
We will use the notation 

(obviously S'^^'^iio) equals the identity matrix). Eq. (|2.2p takes now the form 

For the dual system {S*{uj))^ea it follows from that S'*(w) = {S{B-^<jj)) 



Let 



TOc.i(w) := min Sji{Lo\ M^iuj) — max Sji{ijj) 



l<j<N 



l<j<N 



and 



mr.i{uj) min Sij{uj), Mr^i{uj) :— max Sy(a;) 



i<J<N 



for w e and i = 1, 2, . . . , A^. Further, let 

N 

rririuj) :— min > saioj), mdoj) '■— min > saioj). 
l<i<N ^ ■' l< i<N ^ ■' 



N 



(3.1) 



(3.2) 



i=i 
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Finally, let 

m{uj) := min Sy(w), M(w) := max Sy(w). 

Wc state the following standing assumptions. 

(Dl) (Integrability, injectivity, and positivity) (0"),igz is an ergodic metric dynamical system on 
{n,^,F), and S = (sjj)fj-^i: ft R^^^ is a {¥,^{R^''^)) -measurable matrix function such that 

(i) Sij{uj) > for all Lo Cz and i, j = 1,2. .... N . 

(ii) For each uj € fl, S{ui) is a non-singular matrix. 

(iii) (i) holds and ln+ M e Li((n,S',P)). 
(D2) (Focusing) 

(i) Sij{uj) > for all u e fl and i,j = 1,2,...,N and ln+(lnMc,i - lnmc,i) e Li((f2,S^,P)) for 
i=l,2,...,N. 

(ii) Sij{uj) > for all lj G fl and i,j = 1,2,...,N and ln+(lnMr,i — In m^.i) S Li((f2, P)) for 
i = l,2,...,N. 

(iii) Sij{uj) > for all oj £ Q and i,j = 1,2, ... ,N and InMc^j — \nmc,i & Li{{Q,^,¥)), InM^^j — 
lnmr,iGLi{{n,d,F)) fori = 1,2,..., N. 

(D3) (Strong positivity in one direction) 

(1) m,.((x)) > for each lu fl and In^ G Li((fl,^,¥)) 

(ii) mc{Lu) > for each G O and In^ mc G Li((fl,^,¥)). 

Proposition 3.1 (Integrability, injectivity, and positivity). (1) (B2) holds if and only if (Dl)(i) 
holds. 

(2) (Bl)(ii) holds if and only if (Dl)(ii) holds. 

(3) Assume (Dl)(i). Then (Bl)(i) holds if and only if (Dl)(iii) holds. 

Proof. (1) and (2) arc obvious. 

(3) Since M(w) < ||5(w)|| < VNM{uj), the satisfaction of (Bl)(i) is equivalent to In+M e 
Li((0,i?,P)). □ 

Proposition 3.2 (Focusing). Assume that (Dl)(i) holds. 

(1) (B3) holds with e e X++ if and only if (D2)(i) holds. 

(2) (B3)* holds with e* e X++ if and only if (D2)(ii) holds. 

(3) (B4) holds with e,e* € X++ if and only if (D2)(iii) holds. 
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Proof. (1) Suppose that (B3) is satisfied with some e e In particular, there holds 

/3(w,ej)e < S{uj)ei < x(a;)/3(a;,ej)e. 
Note that there are positive reals 5<5 such that 

<e<^(l,l,...,l)^, 

consequently 

J/3(u;, e,)(l, l,...,iy < S{w)e, < M'^)/3(w, e,)(l, 1, . . . , 1)^. 

Since 

S{co)ei = (sii(w), S2i(w), . . . , sjvi(w))"'", 

one has 



hence 



'^-(")<Lm yi = i,2,...,N. 



mc,i{u}) S 

It then follows that ln+(lnMc,i - InWcO S Li((f}, i?, P)) for i = 1, 2, . . . , iV. 

Conversely, suppose that Sij(w) > for i, j = 1, . . . , and ln+(lnMc,i — In mc,i) € Li((0,S',P)) 
for i = 1, . . . , A''. Note that for any u= {ui,. . ., S X+ \ {0}, u = uiei H + un^n- Hence 

uimc,i{Lo) H + UNTTicNi'^) < (5(0;)^)^ < uiMc,i(a;) H + ujvAfc,Ar('^)j 1 < i < N. 

Put e= (l,...,l)^/^/lV. Let 

u) = -//V (uiTOc,l(w) -I h UNmc,N{oj)) , 

and 

Me,i(a;) 

x(w) = iV max ' , . 

i<i<iv mc,i(a;) 

Then x is measurable and 

(i{oj,u)e < S{uj)u < x{oj)(3{oj,u)e 

and 

ln+ In < In In iV + ^ ln+ (In Mc,i (w) - In mc,i (w)) . 

Therefore ln+ In xr e Li ((1^, S", P)) • 

(2) It can be proved by arguments similar to those in the proof of (1). 

(3) First, assume that (B4) holds. 

Copying the proof of (1) we obtain that Sij(w) > for all co G Cl, i,j = 1,2, ... ,N, and 

^^^4<7^M VweO, i = l,2,...,7V. 

mc,i(w) 6 
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Hence 

In Mc,i (w) - In TOc,i(w) < In ^- In 5 + In >«:(w) V w € i = 1,2, . . . ,N. 

Therefore, lnMc,i - Inmc.i G Li((ri, J, P)). 

Similarly, it can be proved that lnMr,i — In mr,i € Li((f2, S^, P)). Therefore (D2)(iii) holds. 

Next, wc assume that (D2)(iii) holds. Copying the proof of (1) we see that (B3) holds with 
e= (1, . . . , 1)T/V]V, and 

xrlw) = A* max , ^ 

i<i<N mc,i{io) 

Therefore, 

JV 



Inx(w) < lnA'' + ^(lnMc,i(a;) - lnmc,i{uj)) 



i=l 

It then follows that \n3i€ Li{{n,^,F)). 

Similarly, it can be proved that (B3)* holds with e* = e and Inx € Li{{fl,^,F)). 

By e* = e, (e,e*) > 0. Therefore (B4) holds. □ 

Proposition 3.3 (Strong positivity in one direction). Assume that Sij{co) > for all i,j = 
1,2,...,N anduj G O. 

(1) (B5) holds with e G if and only if (D3)(i) holds. 

(2) (B5)* holds with e* G X++ if and only if (D3)(ii) holds. 

Proof (1) First we assume that _(B5) holds with e G X++. Then (e)i > for i = 1,2, . . . , N. Note 
that there are positive reals d< 6 such that 

S{l,...,iy <e<S{l,...,l)^. 

There holds 

(^H(l, . • . , ID. > J(^He). > ^(e). > 

Observe that 

N N N ^ 

j=l j=l j=l 

consequently 

iy{u)) < =mr{uj). 
5 

This implies that mr{uj) > for each ui G Q and ln~ rrir G Li{{Q,^,F)). Hence (D3)(i) holds. 
Conversely, assume that (D3)(i) holds. Put e = (1, . . . , ly/y/N. Let 

= mr(w). 

By arguments as above, 

S{ij)e > i'{ijj)e V w G O. 

This imphes that (B5) holds with e G X++. 

(2) It can be proved by similar arguments. □ 
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Remark 3.1. Assume Sij{uj) > for all i, j ~ 1,2, . . . , N . 

(1) //ln+(lnAf -Inm) G Li{{n,^,P)), then ln+(lnMc,i -Inm^,,) G Li{{n,S,¥)), \n+{\nMrA~ 
lnmr,t) e Li{{n,S,P)), and hence (D2)(i)-(ii) holds. 

(2) //InM-lnm G Li((r2, ^J, P)), then \nMc,i - Inmca e Li{{n,^,¥)), InM^^^ - Inm^^^ G 
ii((f7,5',P)), and /lence (D2)(iii) /loZds. 

(3) //In^mG ii((r2,5-,P)), t/ien (D3)(i)-(ii) holds. 

Theorem 3.1. (1) (Entire positive orbits) Assume (Dl)(iii) and that S'(w)(X+ \ {0}) C X+\{0} 
for all UJ d Q. Then for any w G O there is an entire positive orbit : Z — \ {0} of U^. 

(2) (Generalized principal Floquet subspaces and Lyapunov exponents) Assume (Dl)(iii) and 
(D2)(i)-(ii). Then^ and^* admit families of generalized principal Floquet subspaces {Ei{uj)}^^^^ 

= {span{u;(a;)}}^gj2^ and {E*{uj)}^^^-^, = {span {u;* (w)}}^^^^. , with w{uj),w*{uj) G X++ for 

all a; G ill . 

(3) (Generalized exponential separation) Assume (Dl)(iii) and (D2)(i)~(iii). Then there is a € 
(0,00] such that the triple {Ei(-), Fi(-), a} generates a generalized exponential separation, 
where Fi{u!) {u G X : {u,w*{uj)) =0}. If we assume moreover (Dl)(ii), then 5'(w)i^i(w) = 
Fi{9uj) for any w G ili. 

(4) (Finiteness of principal Lyapunov exponent) Assume (Dl)(iii), (D2)(i)-(iii), and (D3)(i) or 
(ii). Then Ai > ~oo, where Ai is the generalized principal Lyapunov exponent associated to 

Proof of Theorem[¥ji (1) It follows from Theorem OJl). 

(2) Parts of it follow from Propositions 13 . 1 f 1) . (3). 13.2( 1). (2), Theorem 12.31 and its analog for 
the dual system. 

(3) It follows from Propositions l3.1f l). (3). l3.2f 1V(3) and Theorem 1 2. 4 1 The last sentence follows 
from (Dl)(ii). 

(4) It follows from Proposition 13.31 and Theorem 12.41 □ 

Remark 3.2. In [3] the authors investigated the principal Lyapunov exponent and principal Floquet 
subspaces for the random dynamical system generated by S{uj) satisfying 

\n-meLi{{n,d,P)), In+A/G Li((r!,;?,P)). (3.3) 

Theorem 13.11 extends the results in [3] in the following aspects. 

(1) The result in Theorem 13. If l) is new. 

(2) The conditions in Theorem 13. If 2) and (3) are weaker than the conditions posed in [sj and the 
results in Theorem 13. If 2) and (3) are not covered in ^3i|. Observe that Ai in Theorem 13. If 2) 
and (3) may be —00. 

(3) Theorem 13. If 4) recovers the results in [3|. 
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Remark 3.3. Theorem 13. If 3) implies that for any uq G X+ \ {0} and lj E Cti, 



hm -ln||S'"(a;)uo|| = Ai 

n— >oo Ti 



and 



lim sup — In 

n—^oo ^ 



< -a. 



ll^"H^o|| 

Hence S"{u!)uq decreases or increases exponentially at the rate Ai, and its direction converges 
exponentially at the rate at least a toward the direction of 'w{9"uj). 

Example 3.1. (Random Leslie matrices). Assume that, for each lj E fl, S{uj) is a random Leslie 
matrix, i.e.. 



(■mi{ijj) ■m2{ijj) mj,{ijj) 
bi{uj) 
62(0;) 



V 
















->N-1 



/ 



where rrij (> 0) (j — 1^2, ... , N) represent the number of offspring an individual in age group j in 
the current time contributes to the first age group at next time, bj (> 0) {j = 1,2, . . . , N — 1) denote 
the proportion of individuals of age j in the current time surviving to age j + 1 at next time. 

We have 

Theorem 3.2. Assume that In^ mo, ln+ Mq E Li{{il,^,P)), where 

TOo(w) = min{TOi(a;),TO2(w), . . .,mN{c^), bi{uj), bpf-iiuj)} 

and 

Mq{uj) = max{TOi(a;),TO2(w), . . . , TOAr(a;), . . . ,6jv-i(w)}. 

Then (Dl)(i)-(iii), (D2)(i)-(iii) and (D3)(i)-(ii) are satisfied with S{uj) replaced by S'^^^co). Con- 
sequently, there are 

o niCin with P(f2i) = 1 and 6(^1) = Qi, 

o {Ei{ll!)}^^q_^ — {span {?i;(a;)}}^gj=2^ with w: f^i — > X^~^ being {^,^{X))-mea.surable, 

o {Fi{'^)}u:e(i '^^^^ Fi{uj) = {u E X : {u,w*(uj)) =0} for each uj E fii, w* : i^i — > being 
(^J, ^{X))- measurable, 

o Ai G (— oo,cx)), and a E (0,oo], 

.such that 

• is a family of generalized principal Floquet subspaces of S{-) and Ai is the gen- 
eralized principal Lyapunov exponent associated to {Ei{uj)}^^^_^; 

• {Ei{lu) , Fi{uj) , a} generates a generalized exponential separation of S{-); 

• S{ll!)Ei{uj) — Ei{9lo) and S{uj)Fi{lo) — Fi{9lj) for each u E^i. 

Indication of proof. The theorem follows from Theorem 13.11 and Remark 12.11 □ 
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4. Random Cooperative and Type-K Monotone Systems of Ordinary Differential Equa- 
tions 

In this section we consider applications of the general results stated in Section [5] to random 
dynamical systems generated by linear random cooperative systems and linear random type-if 
monotone systems. 

It is a standing assumption in Subsections 14. Il and l4.2l that {9t)teR is an ergodic metric dynamical 
system on (f2,5^, P), where the probability measure P is complete. 

Further, in Subsections 14. II and 14.21 we make the following standing assumption. 

(OPO) (Measurability) C : — > R^^^, where C stands for A in Subsection \4.1\ and for B in 
Subsection\4^ is {^,^(R'^''^)) -measurable, and [R 3 t ^ ||C(6'ta;)|| G M] belongs to Li,ioc(M) for 
all uj G ft. 

We remark here that (OPO) is satisfied if C G Li((17, S^, P), M^^^) (see [2, Example 2.2.8]). 

Under the assumption (OPO), for any lu £ fl and uq Cz X there exists a unique solution [M 9 t 
u(f;aj,uo) G X] of the linear system 

u' = C{etuj)u (4.1) 

satisfying the initial condition 

u(0;a;,uo) = uo- (4.2) 

The solution is understood in the Carathcodory sense: The function [t i— > u{t;uj,uo)] is absolutely 
continuous, u{0;uj,uo) — uq, and for Lebesgue-a.e. i G M there holds 

du{t;uj,uo) 

— = C\etUj)u{t;uj,uo). 

Define 

U^{t)uo u{t;uj,uo), (i G M, w G fi, uq e X). 

((f4j(i))i4Lgsi,te[o,oo): (^t)teR) is a measurable linear skew-product semiflow on X covering 9 (for proofs 
see, e.g, [2|, Section 2.2]). Indeed, all the relations in the definition are satisfied for t G R, and we can 
legitimately call $ = ((J7tj(t))tjgn,tGR, {0t)tGR) a measurable linear skew-product flow on X generated 
by (|i?T|l . In particular, (Bl)(ii) holds. 

4-.1. Random Cooperative Systems of Ordinary Differential Equations 

In this subsection, we consider applications of the general results stated in Section [5] to the 
following cooperative system of ordinary differential equations 

u{t) = A{etuj)u{t), uj en, t eR, ueR'^, (4.3) 

where 



Aioj) 



/aii(w) ai2(w) ■•• aiAr(w)\ 
a2i(w) a22(w) ■•• a2N{uj' 



All the notations of X, X^ , etc., are as in Scction[3l Recall that is the i?i-norm in X, \\u\\i 
|ui| H h \un\ for u = (ui, . . .,unV- 
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In the rest of this subsection we assume that (OPO) holds. We state the standing assumptions 
on A{oj). 

Let ^ ^ 

dii(u)) := min / aii(9rCo)dT, daiu)) := min / aii(6r(jo) dr. (4.4) 

0<t<l Jo 0<is<l J s 

(01) (Coopcrativity) (w) > for all i ^ j , j = 1,2, . . . , N and uj € fl. 

(02) (Intcgrability) The function B uj t-^ max aij{u!)]] is in Li{{n,^,F)). 

l<iJ<N 

(03) (Irreducibihty) There is an {^,^{M.)) -measurable function 5:0^ (0,oo) such that for each 
CO G fl and i G {1,2,..., N} there are ji = i,i2,3z, • ■ • , Jat € {1, 2, . . . , N} satisfying 

(i) {ji, j2, • • • , jAf} = {l,2,...,iV} and djui+iidti^) > S{u)) for Lebesgue-a.e. < t < 1 and 
l = l,2,...,N -1. 

(ii) ln+ln(;9/^) e Li((0,S-,P)), where 

^(w) = exp ^max^ 0;^- (6l^w)) dr j , ^(w) = ^min^ /3i (w), 



i(a;) = min-{ exp {aj^j^ (w)), exp {aj,j, (w) + aj^,^ (w))5(w 



,,2 

exp {dj.j, (w) + aj,j2 (w) + %3j3 (w) ) , . . . , 



2! 

exp (a^ij-, (w) + dj,j^ (w) + %3j3 (w) + • • • + a^^^v (w)) } 

with ji = i. 

(iii) ln(/3//3) e Li((0, 5^, P)), w;/iere /3 and p are as in (ii). 

(iv) In^ (5 e _Li((0,3', P)), w/iere (3 is as in (ii). 
(03)' (OflF-diagonal positivity) 

(i) There is an {^,^{R)) -measurable function 6: Q ^ (0,oo) such that for any oj G Q and any 
i^ j there holds aij{6toj) > S{uj) for Lebesgue-a.e. t S [0, 1]. 

(ii) ln+ln(;S/^) e Li{{n,^,V)), where 

= exp max^ aij{9rLo)j drj , ^(w) = ^min^ A(w), 



and 



(cj) = mini exp(aij(w)), ( min exp(oii(a;) + aij{io)))5{io) \. 
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(iii) lii(/3//3) G Li{{n,^,F)), where /? and (3 are as in (ii). 

(iv) ln~ (3 £ Li((f2, 5^, P)), where (3 is as in (ii). 

Proposition 4.1 (Positivity). Assume (01). Then $ satisfies (B2). 

Proof. It follows from standard arguments. □ 
Proposition 4.2 (Integrability) . Assume (01) and (02). Then (Bl)(i) is satisfied. 
Proof. We claim that for any uj G il and any mq G X+ there holds 



/ ^ N 



\\Uuit)uo\\i ^ \\u{t;uj,uo)\\i < ex.p[ {} ^ max ajj(6'^tj) dr ||iio||i (4.5) 



for all t > 0. Indeed, tixLu E fl and uq £ with ||uol|i = Ij and denote u{-) — (ui(-): ■ • ■ : ujv(-)) 
w(-;a;,wo). For each 1 < i < we estimate 

du(t) ^ ^ 
i=i k=i 



consequently, in view of Proposition 14.11 

d ^ 

j^Mt)\\i < EiJPf^«'j-(^*^) • II "Will' 



for Lebesgue-a.e. t G R. The estimate (|4.5p follows readily. 

Since, by remarks in Example 12.11 any uq £ X can be written with < ||mo||i, 

11^0 111 ^ ll'"o||i, and, moreover, ||mo||i = Hmq ||i + IImq ||i, we have that 



\\UUt)uo\\i < ||C/<.(t)wJ||i + ||C/^(t)wo 111 < expfj (J2 ^max^«y(^-^)) \\uo\\i (4.6) 

for all uj £ Q, Uq £ X and t > 0. As the integrand in the rightmost term in (j4.6p is nonnegative, we 
infer that 

* N 

ln+ \\UUt)h ^ J {T. 

for all w G and i > 0. Since the norms ||-|| and ||-||i are equivalent, the assertion follows. □ 

Proposition 4.3 (Focusing). (1) Assume (01) and (03)(i)-(ii), or (01) and (03)'(i)-(ii). Then 
(B3), (B3)* hold. 

(2) Assume (01) and (03)(i), (iii), or (01) and (03)'(i), (in). Then (B4) holds. 
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Proof. Observe that, since in (B3) or (B4) the suitable properties are to hold for U^{1) and U*{\) 
only, we can (and do) apply the results in Section [S] 

First, assume (01) and (03)(i)-(ii). Fix w € f7 and i e {!,..., TV}. By (03)(i), there are 
ji, j2, ■ • ■ , jAf with ji = i such that {jij2, ■ ■ ■ Jn} = {1, 2, . . . , A^} and 



Note that 



aj.j.+d^tuj) > S{uj) for te[0,l]. 
dui{t;uj,e,) 



(4.7) 



dt 



and 



Jt 



> aj,j,(0tw)wj- (t;w,e,) + aj,_,j,(6'ta;)uj,_,(t;w,ei), ? = 2,3 



,...,iV, 



for Lebesgue-a.e. i g R. It then follows that 

t 

Ui{t; uj, Bi) > cxp J aii{9rUj) dr^ 



and 



Uj,{t;uj,e,) > / expH Oj^j, (^^w) dr) aj,.^^, (^^w) Uj,.^ (s; w, e,) ds 



(4.8) 



(4.9) 



for i > and ? = 2, 3, . . . , iV. By gS]) and gJl), there holds 

' Uii{uj) > exp(ajiji(iu)) 
uj^,{u}) > exp{dj,j, (uj) + aj^j^ (a;))(5(w) 

Ujs^iu}) > exp{dj,j, (uj) + Gj^j^ (w) + aj3j3 (w)) 



2! 



(4.10) 



Uj^iiuj) > exp(5j,j, (w) + aj^j^ (uj) + a^^j,^ (cj) + • • • + aj„j„ (cj)) 



TV! 



where dii{iu) and aii(a;) are as in (|4.4I) . and Uki{uj) — Ufc(l; e/) for fc, / £ {1, . . . , iV}. 
Further we have 

Uji{uj) < \\u{l;uj,ei)\\i < exp ( / max aikiOrt^)^ drj for 1 < j < N (by (|431) 

M 1=1 ^-''-^ / 



We have proved that 



(4.11) 



for all w e and i,j G {1, 2, . . . , N}, where /3(a;) and /3(a;) are as in (03). Consequently, (D2)(i)-(ii) 
hold with 

/3(cj) < m.cAuj) < Mc4uj) < p{uj), /3(a;) < m„{uj) < Af^,,(a;) < p{uj) 
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for all w S ft, i — 1,2, . . . , N, which gives with the help of Proposition [5^ 1 Vf2) that (B3) and 
(B3)* hold. 

Next, assume (01) and (03) (i)-(ii). Fix w e and z G {1, . . . ,N}. As above, we estimate 

t 

Ui{t;uj,ei) > exp (^J aii{9rOj) dr^ , t>Q. (4-12) 



For i e {1, . . . , N}, j i, we have 
duj{t;uj,ei) 

for Lebesgue-a.e. i € M, which gives 

t t 

Uj(t;uj,ei)> J exp^y ajj{9ri^) dT^aji{9sOj)ui{s;uj,ei) ds (4-13) 

s 

for t > 0. By (|4l^ and (|4J3)) . there holds 

m{<^) > exp(aji(w)) and Uji{uj) > exp(aij(a;) + aji{u!))S{uj), j ^ i, (4-14) 
from which it follows that 

l{uj) < u^,{lo) <^{uj) (4.15) 

for all w € f7 and i,j € {1,2,..., iV}, where /3(a;) and /3(cli) are as in (03) . The rest goes along the 
lines of the proof in the above case. 

This completes the proof of (1). The proof of (2) goes in a similar way. □ 

Proposition 4.4 (Strong positivity in one direction). Assume (01) and (03)(i), (iv), or (01) and 
(03)' (i), (iv). Then (B5) and (B5)* hold. 

Proof. As in the proof of Proposition 14.31 we use (|4.1ip (or (14.151) ) to show that (D3)(i)-(ii) hold 
with nir{ijj) > Nf5{uj) and mr{uj) > N/3{uj) (or with mr{uj) > I3{u!) and mdoj) > /3(i^)), and apply 
Proposition 13. 31 □ 



For w €: ri, by an entire positive solution of (|4.3p ,,, we understand an entire positive orbit of Ui^, 
that is, a function i;^^ : K such that 

UUs){vu:{t)) ^ v^{t + s) foralHeR, se[0,oo). 

An entire positive solution Vuj is nontrivial if Vu{t) G \ {0} for each t € M. 

Theorem 4.1. (1) (Entire positive solution) Assume (01). For any w G there exists a non- 
trivial entire positive solution of (|4.3p ,,,. 
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(2) (Generalized principal Floquet subspaces and Lyapunov exponent) Let (01) and (02) be 
satisfied. Moreover, assume (B3) and (B3)* [for instance, assume (03)(i)-(ii) or (03) (i)- 
(ii)). Then ^ and ^* admit families of generalized principal Floquet subspaces {Ei{uj)}^^^ = 
{span{u;(w)}}^gs=2^ and {E^{u})}^^^^. = {span{w* {u})}}^^^^,. Moreover, 

Ai = / K{uj)dP{uj), (4.16) 



where k(u;) = {A(uj)w{uj),w{uj)), and Ai is the generalized principal Lyapunov exponent asso- 
ciated to {Ei{uj)}^^^^. 

(3) (Generalized exponential separation) Let (01) and (02) be satisfied. Moreover, assume (B4) 
(for instance, assume (03)(i) and (iii), or (03) (i) and (iii)). Then there is a €z (0,oo] such 
that the triple {Ei^uj), Fi^uj), a} generates a generalized exponential separation of S{uj), where 
Fi{uj) -.^ {u € X : {u,w*{u})) =0}. Moreover, U^{t)Fi{oj) = FiiOtu) for any w e fii; 

(4) (Finiteness of principal Lyapunov exponent) Let (01) and (02) be satisfied. Moreover, assume 
(B5) or (B5)* {for instance, assume (03)(i), (iii) and (iv), or (03) (i), (iii) and (iv)). Then 
Ai > —CXI. 

Proof. (1) It follows from Theoreni l2.2f i'). 

(2) Parts of it follow from Proposition I4.3r i'). Theorem 12.31 and its counterpart for the dual 
system. By Theorem 12. 3[ 

~ ^. \n\\U^{t)w{etUj)\\ 
Ai = hm 

t— >-oo t 

for P-a.e. a; G fi. Differentiating formally we obtain 



^ln|lf/^(t)z«(0,u;)|l 



" \j^^^{U^^i)^{etu:),U^lt)w{et^)) 



^ {A{9sUj)iUUs)w{esUj)),UUs)w{9,Lj)) 

\\uus)wie,tuw 

= {A{9sUj)w{dsl^),w{dsUj)) = k{9sLli). 

It follows from (OPO) that for each uj £ n the function [M 9 t A{etLu){Uu;{t)w{9tUj)) G M^] 
belongs to Lijoc(K,K^). Consequently we have 

t 

\n\\U^{t)w{9tUj)\\ ^ j K{9sLo)ds Vi > 0. 
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For w G n let w{uj) — {wi{uj), . . . , wn{uj)) ■ We estimate 

N N 



{A{uj)w{uj),w{uj)) = f a-ij {'^)wj {lo)) Wj (uj) 
1=1 j=i 

N 

J = l j=l 

N 

max if max ai,(a;))||t(;(a;)||i ) <Ny max aaiuj) 



N 



< VN 



Hence, by (01) and (02), k+ e Li{{n,^,P)), which ahows us to apply the Birkhoff Ergodic Theorem 
to get 

(3) It follows from Proposition I4.3r 2) and Theorem 12.41 The last sentence follows from 15l . 
Theorem 3.8(5)]. 

(4) It follows from Proposition 1131 and Theorem 12.41 □ 



Remark 4.1. Theorem 14. If 3) implies that for any uq E X+ \ {0} and uj E Cti, 



lim -ln||C/(^(t)wo|| = Ai 

t=fCX3 t 



and 



lim sup - In 



\UUt)uo\ 



- w{0tuj) 



< -a. 



Hence Ui^(t)uQ decreases or increases exponentially at the rate Ai, and its direction converges expo- 
nentially at the rate at least a toward the direction of w{9t'jj). 

4-2. Type-K Monotone Systems of Ordinary Differential Equations 

In this subsection, we consider applications of the general results stated in Section [5] to the 
following type--ftr monotone systems of ordinary differential equations 



u(t) = B{dtuj)uit), 



a; e f2, t E 



u E 



(4.17) 



where 



S(^) 



satisfies the following assumptions. 



(hii{uj) 612(0;) 
621(0;) 622(0;) 

\6Ari(o;) 6Ar2(o;) 



6iAr(o;)^ 
627V (o;) 



3 AT TV 



(PI) (Type- if monotonicity) There are 1 < k,l < N such that k + I ~ N , bij{uj) > for i j 
and i,j E {1, 2, . . . , fc} or i, j E {fc + 1, fc + 2, . . . , fc + /}, and bij{uj) < for i E {1, 2, • • • , fc} and 
j E {k + l,k + 2, - ■ ■ ,k + l} or i E {k + l,k + 2, - ■ ■ ,k + l} and j E {1,2, - ■■ , fc} 

(P2) (Integrability) The function [il 3 uj 1-^ max \bij\{uj) ] ] is in Li((f2,5^,P)). 

l<i,j<N 
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To simplify the notation, we write K, for {1, . . . , fc} and C for {fc + 1, . . . , n}. 
Make the foUowing change of variables, v, where 



Then (|4.17l) becomes 
where A{OtU)) = {aij{9tuj)yij^i with 
a^j {uj) 



\ui \i i <e1C 

I —Ui if i <^ C. 

v{t) = A{etuj)v, (4.18) 



bij{uj) if i,j & K. or i,j £ C 

—bij{u!) if i e /C and j e £ or i G £ and j S /C. 



By (P1)-(P2), A(a;) satisfies (01)-(02). Let 

X'^ := {u = (ui, . . . , ujv)^ : > for i £ K. and < for i e £ }. 

Then is a solid cone in X, {X,X^) satisfies (BO), and $ satisfies (B2) with respect to the order 
induced by X^. We say an entire solution [R 9 1 1-> v{t) ^ X] oi (|4.17p is positive if v{t) G X~^ for 
any t eR. 

In the rest of this section, we assume (P1)-(P2) and that A{uj) is as in (I4.18p . The order in X is 
referred to the order generated by X~^. By Theorem 14. II and the relation between (|4.17p and (|4.18p . 
we have 

Theorem 4.2. (1) (Entire positive solution) For any w e there exists a nontrivial entire posi- 
tive solution of (|4.17p ,,,. 

(2) (Generalized principal Floquet subspaces and Lyapunov exponent) Assume (B3) and (B3)* 
(for instance, assume that A{uj) satisfies (03)(i)-(ii) or (03) (i)-(ii)). Then ^ and ^* admit 
families of generalized principal Floquet subspaces {Ei{io)}^^^-^_^ = {span{w(cj)}}^gj2^ and 

{^t{^)}^^ni = {span{u;*(tj)}}„gf^.. Moreover, 

Ai = / K{uj)dV{uj), (4.19) 



where k(uj) — {B{io)w{io),w{Lu)) , and Ai is the generalized principal Lyapunov exponent asso- 
ciated to {£^i(w)}^gni- 

(3) (Generalized exponential separation) Assume (B4) {for instance, assume A{lu) satisfies (03) (i) 
and (iii), or (03) (i) and (iii)). Then there is a Cz (0,oo] such that the triple {Ei{uj) , Fi{uj) , ij} 
generates a generalized exponential separation of S{uj), where Fi{lu) :^ {uCz X : {u,w*{uj)) = 
0}. Moreover, U^{t)Fi{uj) = Fi{9tuj) for any lj € Cli; 

(4) (Finiteness of principal Lyapunov exponent) Assume (B5) or (B5)* (for instance, assume that 
A{lo) satisfies (03)(i), (iii) and (iv), or (03) (i), (iii) and (iv)). Then Ai > — oo. 
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^.3. An Example 

In the present subsection we give an example showing that the invariant decomposition provided 
by a generaUzed exponential separation may be finer than the Oseledets decomposition given in 
Theorem O 

We start with the two-dimensional torus, written as (0, 1] x (0, 1]. Choose an irrational number 
pe (0,1)- Define 

et{ui, UJ2) := {uJi+t, UJ2 + pt), teM, (wi,W2) G (0,1] X (0, 1], 

where addition is understood modulo 1. 

Let O be the set of those w G (0, 1] x (0, 1] for which OtUJ 7^ (1, 1) for any i e M. 5^ equals 
the family of Lebesgue-measurable subsets of $7, and P is the normalized Lebesgue measure on f2. 
((ri,iJ, P), (0t)teR) is ergodic metric flow, with complete P. 

Define an (3^, f8(M))-measurablc function a: — > R, 

a{Lxj) = a(a;i,a;2) := — r~7T2- 



(wi + UJ2) 

For w e put 

A{u:) 



a{uj) 1 

1 O'i^), 

The first part of (OPO) is satisfied. Further, for each to G fl the discontinuity points of the function 
[M 9 t i-^. A{9tuj) e M2x2j g^j.g precisely those t S M at which either (6'tw)i = 1 or (6*4^)2 = 1 (but 
not both, thanks to our choice of f2). At any of such points the function is left- or right-continuous, 
with finite limits. Therefore its is locally bounded, hence locally integrable, and the second part of 
(OPO) is satisfied, too. 

(01) and (02) are obvious. It follows from Propositions HIT] and 112] that (Bl)(i) and (B2) hold. 
Observe that for each oj G J7 one has 

t 

U^{t) ^exp(^J a{erUj)dT^e*^, teR, (4.20) 


where B = ^ , consequently 

t 

/ cosh t sinh t 



UUt)^e.^[JaieMdr)^^.^^^ coshtj' * ^ 


It is straightforward that 

(sinh l)e < e^e, < (cosh l)e, i = 1, 2, 

which gives that for each lu e fl and each u e X+ \ {0}, u* £ {X*)+ \ {0}, there are l3{uj, u) > 0, 
/3*(a;,M*) > such that 

/3(w,'u)e < U^{t)u < (cothl)/3(w,'u)e, 
P*{uj,u*)e* < U*{t)u* < (cothl)/3*(a;,M*)e*. 
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Consequently, (B4) holds with k and k* constantly equal to cothl. 

Due to Eq. (|4.20l) . for each cj S O the subspace provided by Theoreni l4.ir 3'). equals the in- 

variant subspace of B corresponding to the principal eigenvalue of J5, that is, -Bi(w) = span{(l, 1)^}, 
whereas -Fi(w) equals the complementary invariant subspace of -B, that is, F\(lS) — span{(l, — 1)^}. 
In particular, w[uj) = (l,l)^/v^for any uj € fl. 

We apply (|4.16p to calculate Ai. There holds k{uj) = 1 + a{uj) for each w G il. We estimate 

1 i-wi 

Ai = /(l + a(a;))dP(w) < 1- /dwi / , "^"^^ ,„ ^ ~oo. 

J J J {U}1+UJ2)^ 

n 

Obviously, A2 = Ai = — oo. To calculate a, observe that, by (|4.20p . 

i^oo t \\U^{t)w{uj)\\ t^oc t |le*-S|spa„{(l,l)T}|| 

Notice that Case (i) in Theorem I2.1l is satisfied and no invariant families {£'1(0;)}, {Fi{uj)}, can 
be defined. 
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